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HYDRODYNAMIC IMPACT OF A SYSTEM WITH A SINGLE ELASTIC MODE
I—-THEORY AND GENERALIZED SOLUTION WITH AN APPLICATION
TO AN ELASTIC AIRFRAME*

By WiLBUR L. Mayo

SUMMARY

Solutions of impact of a rigid prismatic float connected by a

massless spring to a rigid upper mass are presented. The

solutions are based on hydrodynamic theory which has been
ecperimentally confirmed for a rigid structure.

Egquations are given for defining the spring constant and the
ratio of the sprung mass o the lower mass so that the two-mass
aystem protides representation of the fundamental mode of an
airplane wing. The forces calculated are more accurate than
the forces which would be predicied for a rigid eirframe since
the effect of the fundamental mode on the hydrodynamic force
is taken info account. The response of the {wo-mass system
gites the response of the represented mode and, although no
proviston is made for laking into account the effect of secondary
modes on the hydrodynamic force, means are indicated whereby
the results may be used to approrimate the response of modes
ather than the fundamental mode.

Time histories of the hydrodynamic force and siructural
responge are giren for wide rangez of mass distribution and
ratio of natural period to the period of the impact. By use of
nondimensional coefficients these resulis are made applicable
to different combinations of relocity, weight, angle of dead rise,
and fluid density. Although the equations permit solutions for
different combinations of flight-path angle and irim, an approxi-
mation i8 given for correcting the results for the combination for
which solutions are given fo other conditions within a narrow
range indicaled to be of primary interest to the design engineer.

In a comparison of the theoretical data with data for a serere
fighi-test landing impact, the effect of the fundamental mode on
the hydrodynamic force is considered and response data are
compared with experimental data. Consideration of the funda-
mental mode alone fails to account for the fact that during the
impact partial failure of the inboard-engine mounts occurred,
but use of the theoretical solutions to approximate the effects of
further wing torgion leads to substantial agreement.

INTRODUCTION

In recent years the development of large airplanes has
caused the elastic behavior of airframe structures during
landing impact to become important. The work which has
been done on this problem has been handicapped by lack of
proper knowledge of the time history of applied ground
reaction. This situation has been particularly acute for

t Supersedes NACA TN 1398, “Solutfons for Hydrodynamic Impect Force and Response of a Two-Mass System w{th an Application to an Elastic Airframe*” by Wlbur L. Mnyo, 1947,

seaplanes because of difficulties. in measuring the hydro-
dynamic foree, the seaway, and the manner of contact with
the seaway.

In order to facilitate the interpretation of flight data and

to lead to the prediction of design loads on a rational basis,
a theoretical hydrodynamic study was made and tests of a
rigid float were conducted at the Langley impact basin.
Since the results of these tests agree with the theoretical
results for wide ranges of the pertinent variables in numerous
force time histories (reference 1), it is assumed that the

theory may also be used in considering the effect of the

upper-structure elasticity of a seaplane on the motion and
force characteristics of the hull proper, which is assumed to
be rigid.

The bending of wmgs during impact, “huh for modern
flying boats is the primary structural action, is considered in

the present report by reducing the fundemental mode to an

equivalent two-mass system. The results are presented in
a form suited to general application and are compared with
experimental results for a particular case. The equations
showing the method of solution are included in appendix A,
and a sample data sheet is given as table I.

SYMBOLS
ts time required for one-fourth cycle of natural
vibration
t; time between initial contaet and maximum hydro-

dynamic force for rigid structure
time elapsed after initial contact
lower, or hull, mass of two-mass system
upper, or sprung, mass of two-mass system
gross mass (W/g or mg+myz)
gross weight
acceleration due to gravity
spring constant of spring connecting mg and mg,
force per unit deflection
n¢ °  acceleration normal to water surface of nodal point
of elastic system, multiples of acceleration of
gravity; for two-mass system, acceleration of
center of gravity
N, oscillatory acceleration of hull about center of gravity
of two-mass system or nodal point of represented
mode, multiples of the acceleration of gravity
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Ve resultant veloeity at instant of contsct with water
surface

p mass density of fluid

T angle of trim; angle of hull keel with respeet to plane

of water surface

Yo flight-path angle at contact; angle between ﬁight
path and plane of water surface

g angle of dead rise

18
(4 nondimensionel tine coefficient (t Vo (it)) )

2 TN\ 1/3
C: nondimensional load-factor coefficient ( 4] g i ) )

ua
Cq nondimensional draft coefficient (yam(pg )

Yape draft at instant of maximum acceleration .
JFa naturel bending frequeney

Where units are not given, any eonsistent system of units
may be used.

THEORY

HYDRODYNAMIC

The hydrodynamie theory used in the present report is the
same as that developed in refereneces 1 and 2.. A basic

differential equation whieh gives the instantaneous foree in

terms of the instantaneous position and motion of the float
is given in referenee 2. This equation is used herein to
determine the effeet of airframe elasticity in altering the
motion and force time history (appendix A). The solution
is based on the assumption that the float does not change
trim during impact. In this connection the pitching moment
may be large, but the time of the impaet is short enough to
warrant (at the present stage) negleet of the resulting angular
veloeities and displacements.

The solution presented herein is for a pnsmatlc float

with suell beam loading that the chines do not immerse,

during impact. For waves that give the severe design
condition of full-length impact, conventional beam loadings
are small enough to cause the maximum force to oceur at
draits sufficiently small to make the effects of finite width
and ehine flare secondary. Reference 1 indicates that for a
conventional float neglect of the pulled-up bow is justified
when the trim is 3° or_greater. Although for high-trim
landings initial contaet by the afterbody may substantially
change the trim before the main forebody impact, the
negleet of afterbody loads is justified because, during the
main impact, the shielding of the afterbody by the forebody
due to depth of the step and to keel angle is such as to mini-
mize the importance of afterbody loads.

STRUCTURAL

A simplified representation of primary elastieity of an
airframe is shown in figure 1. A rigid lower mass my is
considered to be eonnected by a massless spring to a rigid
upper mass mg. In determining the fundamentel bending of
girplane wings part of the wing mass must be included in
my, and part of the wing lift should be applied to m;. In

the present report the gravity force on. each mass is assumed

to be balanced by wing lift.
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Fieure 1.—Simplified representation of primary clastlcity of an alrframg.

The problem of determining the properties of the two-

" mass system so that it is representative of the primary

elastie action of the airplane is rather simple if it is assumed
that during the impact the structure defleets with the shape
of its fundamental mode of vibration. The requiremnents are:

(1) The total mass of the simplified system must equal
the total mass of the airplane in order that the proper nodal
or center-of-gravity aeceelerations can be obtained.

(2) The energy of vibration for the same amplitude of
the hull and lower mass (relative to the nodal point) must

be the same for the two-mass system as for the considered_

mode of the airplane structure.

(3) The natural frequency of the two-mass system must,
be the same as’ the frequency of the eonsidered mode of
airplane vibration.

Equations which permit determination of the masses and
spring constant of the simplified system so that it meets
these requirements are given in appendix B. These ¢qua-
tions and the foregoing requirements are applicable for both

-landplanes and seaplanes. '

In the present report the repu,sentud struetural mode is
eonsidered to be devoid of vibration prior to the instant of
impact, Thus, the computations mey represent either g
first impact or a subsequent impact resulting from a hounce

- sufficiently high to cause aerodynamic angd struetural

damping to stop the vibration during the time the seaplane
is in the air. This report does not give a representalion of
sueeessive impacts, such as might oceur in seaway, which
lead to accumulative or resonant effects. Availnble flight
data indicate that a single heavy impact, such as that
considered herein, is the primary cause of structural failures.

The response of the two-mass-system is obtained in con-

nection with the calculation of the time history of the hydro-
dynamie force, and from this result the complete resvonse
of the represented mode can be obtained by the simple
procedure given in appendix B and demonstrated in the
seetion entitled “Comparison with Experimeut.” The
response of other modes to the force eomputed on the basis
of the fundamental mode can be separately determined
and superposed (referenee 3). In order to minimize the
eomplexity of the solution, however, the present investi-
gation does not provide for taking into aceount the effect
of the other modes on the hydrodynamie force. Although

-Waler surfoce .

the other modes may have a substantial effect on the lpcal . .

loads in the strueture, the effect of these modes on the
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hydrodynamie force is considered to be secondary as com-
pured with the effect of the fundamental mode.

If a large number of solutions for the two-mass system
have been made in order to determine the effect of the funda-
mental mode of different wings on the hydrodynamic force,
the response of modes other than the fundamental can be
approximated from the use of a solution for & mass ratio
and ratio of the time period of the impact force to the natural
period of the two-mass system representative of the con-
sidered mode. An example of such use to approximate the
effects of wing torsion is given in the present investigation
. in a comparison of results of computations with experi-
mental results.

If the response of more than one mode is considered, the
structural and serodynamic damping, which are not con-
sidered herein, are important factors in determining the ex-
tent to which the maximum response of the different modes
should be superposed without regard to phase relationship.
It is expected that the effect of the damping will be most im-
portant for the higher modes and that a result leading to con-
servative design will be obtained if damping is not considered
and the maximums of the first two or three modes are super-
posed without regard to phase relationship. '

RESULTS

Solutions of the equations in appendix A were made for
wide ranges of the pertinent variables. Time histories of
the calculated nodal acceleration, or hydrodynamic foree in

Fe=2

Lood-factor coatficiant,
i
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terms of the weight, are given in figures 2, 3, 4, and 5 for _

ratios of the sprung mass to the lower mass equal to 0.25,
0.60, 1.00, and 1.36, respectively. Each figure is three-
dimensional; the third dimension is {,/f; which is a ratio of
the period of natural vibration to the speed of the impact.
In representing the period of natural vibration, ¢, is taken as
the time required for one-fourth of a eycle. The speed of
the impact is represented by making £, equal to the time be-
fween initial contact and maximum sacceleration for a’ rigid
structure. If the time to reach maximum foree for the elastic
structure should be used in defining f,, discontinuities in the

time to reach maximum force would cause discontinuities in

the time-ratio scales of the plots. (See figs. 2 to 5.)
An expréssion for {, may be obtained from the relation

t.%% Jf» and equation (A4) in appendix A. The equation

for f, Is as follows: . _
t_ot“sa.r (E v i (1)
Ve \og

where

C teyr time coefficient at instant of maximum aeceleration

for rigid body (0.678 for 8=22.5° y,=14° and
=3°) i
The expresstons for £, and ¢; may be used to determine that

t; T "70

L 20,

maxr

Frouvrs 2.—Veariation of force time history with time ratlo. %-o.m Bm2214%; yyw14°; =3°,

(ﬁ}{ﬂ)m 1A =58 @
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Figure 3.~ Verlatfor of force time history with time ratio. -3—2-0.60; B354 Tym14°; r=3°,

The oscillatory acceleration is given in figures 6 to 9.
Thesc figures are the same as the figures giving the nodal
acceleration (figs. 2 to 5), except that the acceleration, plotted
is the diffcrence between the hull acceleration_and the nodal
acceleration.. The time history of tlie hull acceleration can
be obtained by summing the two plois for a particular mass
ratio. On the basis of the assumption that during impact
the airframe structure deflects in a particular mode, & time
history of the acceleration of any point in the structure is

obtained from the results for the equivalent two-mass system

by the following procedure: B .
(1) From the deflection curve of the represented mode,
obtain the ratio of the deflection of the point of interest to the
deflection of the hull. Both dcflections are taken relative
to the nodal point. :
(2) Multiply this ratio by the oscillatory acceleration

J

given cither by figure 6, 7, 8, or 9 or by interpolation between .

these figures for the mass ratio of the equivalent two-mass
systen.

(3) Add result to the nodal acceleration given by figures
2 to 5.

Time historics of the acceleration given in figures 2 to 9
are on a nondimensional basis. The nondimensional cg-
efficients, which contain velocity, wecight, fluid density, and
acceleration of gravity, were uscd in relerence ! in_a com-
parison of theoretical data with impact data for a float
having an angle of dead risc of 224°. ,

Application to other angles of dead rise.—Tha function of
the angle of dead rise can also be included in. the nondimen-
sional cocfficients, but in the present investigation this
function is isolated and treated as a factor for correcting the
results presented for angle of dead rise of 223° to other dead-
rise angles. The pertinent relationships between results for
different angles of dead rise mey be expressed as follows:

_1 e |

| 77 7a 5
nyoc [f(8) F(ANY? (4)

where

f(8)  function represcnting variation of virtual mass for

two-dimensional fow with angle of dead rise
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Load-facter coefficient, ‘i;.yi' (
(]

P

-1
Ny

]
-~

f(A)  aspect-ratio factor including effect of angle of dead
rise on aspect ratio; ratio of virtual mass for
three-dimensional flow to virtual mass for two-
dimensional flow

Np acceleration at any point, either oscillatory, nodal,

or total

The shape of the force and acceleration curves for a given
value of ¢,/f; is independent of angle of dead rise, but the
effect of angle of dead rise on #;, as given by relation (3),
does enter into the determination of the value of £,ft, for a
particular solution. After the value of #,/t; for a particular
solution has been determined, the acceleration and time
values for an angle of dead rise of 224° are proportioned by
means of relations (3) and (4) to the corresponding values
for the angle of dead rise used in determining ./t in order to
obtain the proper acceleration history. |

Although adequate impact dats have not been available
for checking the theoretical equations for angles of dead rise
other than 224°, the theory is equally applicable to planing
floats. Study of planing data has shown that the functions of

272383 —54—104

FirrE 4—Veriation of force time history with time ratlo. %-1.0&5-22;5**;-,.-1#; rm3e,

angles of dead rise used in equations herein are approximately

correct for angles of dead rise ranging from 15° to 30°. ‘The "~

funections are:

re=(55-1) (5)
fy=1~z T ®)

Until improved functions of angles of dead rise are obtained,
functions (5) and (6) should be substituted in equations

(1) and (2) and in relation (4) to correct for angles of dead

rise within the range from 15° to 30°. Rough sapproximation

can be obtained by use of functions (5)'and (6) for angles of ~

dead rise greater than 30° but not for angles of dead rise much
less than 15°.

for smell dead-rise angles. For very large angles of dead rise

In reference 2 there is a discussion of the _
inadequacy of f(A4) for aspect ratios which normally occur ~

and moderate velocity the static forces, which are not

considered in the present investigation, become of greater
importance.
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Acceleration
Nodal < bl
——— Nodial > hult

o730

Fiouke 8.— Variation of oscillatory-acceleration coefficient with time ratlo. %2-0,25; Bm2214°; yr=14°; rm3C,
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Acceferation
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Fiaveg 7.—Varistion of oscilietary-acceleration caémdcnt with time ratfo. -fn“—:-o.em B=22549%; 4y 14T, 7m3%,
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Fi;Ure 8.—Variation of oscillatory-sceeleration coefficiant with time ratio. %—wx Bm22U" =47 r=3e,
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Approximate correction to other flight paths and trims.—
The flight-path and trim conditions of primary interest to the
designer tend to be independent of the variables in seaplane
design and constitute a limited range within which approx-
imate correction of results to different angles of flight path

and trims can be made without necessity for repeated time- .

history solutions. For any particular combination of
horizontal specd, rate of descent, and trim, the most severe
impact load for most of the structure pceurs when the sea-
way is such that the keel contacts a wave slope approximately
parallel to it. The effective angle of flight path and trim for
such an impact are defined relative to the inclined wave slope;
therefore, the trim which gives maximum force is zero. The

largest flight-path angle, relative to the keel and to the .

critical wave slope, is also associated with the most severe
force. The value of the largest flight-path angle is not so
definite as the critical trim but tends to be independeut of
variations in size and wing loading. The volocity of the wave
should be considercd in determining the contact speed and
flight-path angle. )

The equations and method of solution given in appendix
A permit solution for different flight-path angles and trims;
however, approximate correction of the results in figures 2 to
9 to other positive contact angles can be made by assuming

Fiouvre §.— Varlstion of osdllatory-wceloutlon ooeficlent wlih tlme ratio. 3’;—‘:-1.36; Bw2204°; y=14°; r=30,

that the proportionate effect of the structural elasticity on
the hydrodynamic force is solely dependent on the ratio
ts/t;. Curves given in reference I show values of C’,,M for

different flight-path angles and trims, which may be sub-
stituted in equation (2) to obtain the value of t,/t, for differ-
ent contact angles. In making the approximate correction,
the solution presented herein for the obtained value of the
ratio t,/t; should be used to approximate the shape of the
curve giving the desired time history. The load or accelera-
tion scale should be corrected to the different contact angles
by multiplying the present result by the ratio, determined
from curves given in both references 1 and 2, of the load-
factor coefficient for the different contuct condition to the |
load-factor coefficient for the conditions of 3° trim and 14°
flight-path angle considered herein. Correction of the time
scale involves a similar procedure in which the time coef-
ficient is used rather than the load-factor coeflicient.

Since the force curves for a rigid body are approximately
the same shape for different angles of flight path and trims
(refercnce 1), the approximate method of correcting to dif-
ferent angles of flight path and trims would be almost correct
if the structural elasticity did not affect the hydrodynamic-
force curve. The. percentage change in the force on the
float due to clasticity is a function of the percentage change
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in draft caused by the elastic compression for a given center-
of-gravity position. An indication of the validity of the
approximate correction is obtained by studying the extent
to which the ratio of the spring deflection to the draft is
constant for impacts of the same values of £,/t; at different
angles of flight path and trims. From the expressions for
tafte, O (%, and C; with the spring deflection assumed to be
proportional to the hydrodynamic force, this ratio may be
represented by the expression (;C2/C., In which all values
are for the instant of maximum acceleration. The variation
of this expression with flight path for an impact of 2 rigid
float at 3° and 12° trim is given in figure 10. Values of (;
and C,; used in obtaining this figure are given in reference i;
values of (s were obtained in conjunction with the data of
reference 1 but have not been published.

In the present report the numerical values of C1C3/Ce
have no significance and they are of interest only because of
the extent to which they are constant. Figure 10 indicates
that for large flight-path angles and small trims the ratio is
approximately constant. The deviation from a constant
value of this ratio is due to planing forces which exist in an
oblique impact and become more important for low flight-
path angles and high trims. The conditions of large flight-
path angle and small trim previously adjudged to be of
primary interest to the designer constitute the ranges in
which the deflection ratio is fairly constant and the approxi-
mate method of correction should give a fair degree of
accuracy. The present solutions are considered to be for
conditions suited to correction of the results to other con-
ditions of greatest practical interest; they represent a moder-
ately severe combination of flight-path angle, wave slope,
and trim chosen to facilitate correlation of the theory with
an impaect which resulted in substantial damage to a well-
instrumented flying boat during flight tests.

The equations presented herein are not valid for zero
trim; an assumption that the float is prismatic gives solu-
tions of infinite wetted length and infinite force for zero
trim. Solution for 3° trim and a prismatic float is much
simpler than a correct solution for 0° trim because necessity
for consideration of bow shape is eliminated. The solution
for 3° trim may be taken as an approximation of the eritical
design load or, as illustrated in the following section in &
comparison of theory with experiment, an empirical factor,
which includes bow effects, may be used to convert values
of acceleration and time for 3° trim to values for 0° trim.

COMPARISON WITH EXPERIMENT

Impact basin data have not been obtained for suitable
models, and most flight landing data have been inadequate
for the present study. The only data which appeared suit-
able for this comparison are those which were obtained with
a four-engine flying boat, the data for which have not been
published. Data were obtained for a large number of test
landings, but only one of the impacts is very well suited to
the present analysis. This impact gave loads sufficiently
high to cause large effects of elasticity of the wings. The
impact occurred against the flank of & sizable wave (4 ft)
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Fiatre 10.—Variation of force-penetration é-at;.h at maximum force with fiight-path angle
and trim,

and thus facilitated the use of results based on a planar water
surface. The present comparison of theory with experiment
will be restricted to this impaect since other impacts involved
more complex contact with seaway and gave less force.

The horizontal speed, rate of descent, and trim were re-
corded. A large number of pressure instruments distributed
in the hull permitted determination of the water surface
relative to the hull. Data recorded by these instruments
indicated that the wave slope in contact with the hull was
approximately planar, that the trim relative to the wave
slope was 0°, that the resultant velocity, considering the speed
of the wave, was 85 feet per second, and that the flight-path
angle relative to the wave slope was 14°,

Structural data available for the test flying boat are nof
adequate for the present analysis. Since this flying boat has
the same number of engines and approximately the same
gross weight and horsepower as & landplane for which &
large amount of structural data is available, assumption is
made that the flying-boat wing has the same mode shape and
mass distribution as the wing of this landplane. Use in
equation (B6) in appendix B of data for the landplane given
In reference 3 leads to the following mass ratio of the two-
mass system representing the fundamental mode:

Ms_p.25
mg

Based on study of the accelerations at several points in the

- test flying boat during periods of relatively free vibration in

which the fundemental wing bending mode appeared to be
predominant, & natural frequency of 3.6 cycles per second
was selected for use in the present example. The funda-
mental mode frequency of the wing of the landplanpe is 3.4
cycles per second. (See reference 3.) _
Since the mass tatio is equel to 0.25, figures 2 and 6 are
used to approximate the action of the fundamental mode.
Further, substitution of values for conditions for this impact
in equation (2) results in use of the specific time history
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given for %’1=1.2. Substitution of the contact conditions in
4

the load and time coefficients fixes the load and time scales
inn an absolute sense. Correction from 3° trim to 0° trim may
be made by assuining that the shape of the time history is
approximately the same for both conditions. Empirical
correction of the curves from 3° trim to 0° trim may be scen
from reference 2 to require a 10-percent reduction in the
acceleration. An analysis of data obtained at the Langley
impact basin for impact at 0° trim indicates that correction
of the time scale from 3° trim to 0° trim requires a 10-percent
reduction in the time values.

Hydrodynamic force—The nodal-point aeceleration =,

obtained by the proeedure discussed herein, represents the .

hiydrodynamic foree, in multiples of the weight, applied to
the flying boat. Since the experimental data do not provide
measurement of the hydrodynamic force as such, direct com-
parison of the theoretieal force-curve results with experi-
mental results is not permitted. Instead, a comparison of
-the theoretical response of the structure with the experi-
mental responsc is necessary, and, if the agreement is ade-

quate, it may be concluded. that both the hydrodynamie and

the structural actions are adequately represented.

Beforc a study of the response of the structure is made, the
theoretical cffect of the response on the liydrodypamic force
should be observed. This observation is made by comparing
thie force curve ohtained for a mass ratio of 0.25 with the
force curve for a rigid structure. Both curves are included
in figure 11, The curve_for the case of a rigid structure

m . .
(#-——0) was obtained from reference 1 {for 3° trim and cor-
1/

rected to the conditions of the present example as previously
indicated, Comparison of the curves for mass ratios of 0
and 0.25 shows that in the present example the theoretical
effect. of the strvctural elasticity on the maximum hydro-
dynamic force is to reduce it 15 percent. For the hypo-
thetical condition of a concentrated wing mass located at a
point in each semispan of a& massless wing structure, the
conditions of the present example would give theoretical
reduction in the maximum hydrodynamie force due to
structural elasticity of 44 percent. This result is indicated
by comparison of the imnaximum of the curve in figure 11 for a
mass ratio of 1.836 with the maximum of the ¢urve for mass
ratio of 0.

Tle curves in figure 11 show only reduction of the hydro-
dynamic force because of structursl elasticity. . It should
not be concluded, however, that the effect is always in this

direction. Figures 2 to 6 show that in some cases the hydro-*

dynamic force is increased ; the maximum increase which was
caleulated was of the order of 12 percent.

Hull acceleration.—By combining the results for the two-
mass case with approximation of the pitching action on the
basis of a rigid structure, the following equation may be
obtained for the hull acceleration at different longitudinal
stations:

=n.f+n, N
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F1GuRE 11.—Variation of hydmdynamic force with time, r=(°] yo=14° T'4=88 fvet per
second; 1¥=40,000 pounds; fn=3.6 cyclea per second.
where
N hull acceleration
sl

f=145

‘8 distance from station to center of gravity

k radius of gyration (12 ft in present example)

l distance from resultant hydrodynamic force to

center of gravity.

The forebody length of the flying boat is 31.75 feet. Pe-
cause of bow effects, a length of 25 feet is assumed to have a
rectangular loading for this zero-trim impact and the result-.
ant force is located 12.5 feet forward of the step which leads
to a value of [ equal to 8 fect. . Use of the foregoing procedure
to caleulate time histories of the acceleration for two stationg
in the hull at which accelerometers were located gives the
curves in figure 12. The maximum accelerations recorded at
these stations are also shown; agreement with the ecomputed
maximum acceleration is good. The full experimental time
history is not included because the film speed was not great
enough to permit accurate determination of the shape of the
time history. This factor, together with some uncertainty.
in defining the exact instant of contact, prevents exact eheck
of the time to reach mammum acceleration; thus, the experi-
mental pomt.s in figure' 12 are located at the thouretlcal
time of maximum acceleration.

Although the agreement of calculation with experiment in
figure 12 is good, this agreement can be interpreted as con-
firmation of the elastic action of the structure. only to the
extent that disagreement of hull accelerations computed on
the basis of & rigid structure can be shown. Values of
maximum saccelerations computed for a rigid structure are
included in figure 12. The disagreement with experiment
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FiGURE 12— Variation of bow and step acceleration with time,

is greater than for computations in which the elasticity of the
strueture is considered. The difference is small, however,
because the effect of elasticity in increasing the hulI accele.ra.—
tion for a given force is largely offset by the effect of elesticity
in reducing the hydrodsmamic force. Since the probable
accuracy of available data must be considered, experimental
proof of tlie theoretical effect of the elasticity on the hull
acceleration cannot be claimed. Support for a conelusion in
this respect, however, can be obtained by comparing the
theoretical response of the wing with the experimental
response. _If the wing responds as assumed, the basic equa-
tions require that the hydrodynamie force and hull accelera-
tions be as calculated.

Elastic axis.—Use of the nodal and oscillatory accelera-
tions of the representative two-mass system to predict
accelerations along the elastic axis of the wing requires
consideration of the fact that the elastic axis of the wing is
not at the center of gravity of the flying boat. An approxi-
mate correction may be obtained by multiplying the results
for the two-mass case by the factor f which is used in equation
(7). This correction is not entirely consistent with that
given by equation (7), but each approximation ig considered
more accurate for its particular case. An improvement to

the present correction which would change the results 2 to 3 -

percent might be made, but the complication is not considered
to be warranted.

In the present example the value of fis 0.86. Application
of this factor, of equation (B7) of appendix B, and of per-
tinent structural deta given in reference 3 gives the curves
in figure 13 in representation of the acceleration time histories
of the elastic axis of the wing for the hull, inboard-engine,
nodal, outboard-engine, and tip stations.

Wing torsion.—The torsion of the wing during impact may
have substantial effect on the acceleration of engine and
nacelle masses forward of the wing. Use of the procedure
which gave the acceleration time histories in figure 13 to
calculate the acceleration at the engine gives a maximum

acceleration of 3¢ at the inboard engines and a maximum
acceleration of 5.6¢ at the outboard engines. The relative
magnitude of these values is in strong disagreement with
the fact that during this impact partial failure of the inboard-
engine mounts occurred, but the outboard-engine mounts
were not damaged.

Since the structural data used in the preceding computa- -
tion are for the actual fundamental mode, their use in impact
- calculations involves assumption that the coupling between

the torsion and bending corresponds to the coupling which
edsts in natural vibration. Actually, the torsional defiec-
tions in impact are determined not merely by the bendmn
deflections but ‘also by the large nodal acceleration, Whu:h
does not exist in natural vibration.

I—THEORY AND GEXERALIZED SOLUTION - 809

In the present example the results which have been caleu-

lated for impact of a two-mass elastic system will be used to

predict the response of the engines. The procedure for
doing this is to select the proper solution and then to adjust

the acceleration and time scales of the two-mass selution so.
that "the maximum ecceleration of the nodal point corre-

sponds to the maximum #cceleration of the elastic axis at the
engine station. The acceleration of the upper mass of the
two-mass system then represents the response of the en,,ines
however, because of the eccentricity of the impact, an in-
crement must be added.

Data obtained from Guggenheim Aeronautical Labora-

tory, California Institute of Technology include the torsional ~~

" deflection of a station inboard of the outboard engine for &

given moment applied at the wing tip. For a flying boat
the absence of cut-out for the landing geer tends to give 2
stiffer wing; therefore, in the present example, deflection

mesasured on the wing of the landplane slightly inboard of
the outboard engine is considered applicable to the outboard- ~—

engine station. Relative deflections between the inboard
and outboard engines are estimated as follows:

(1) Torsional deflection at inner engine equal to 1 unit
due to each engine, or 2 units total

(2) Torsional deflection bétween inboard and outboard

engines equal to 2 units because of greater distance of flexure,
boosted to 3 units because of increased flexibility of structure.
On the basis of data from California Institute of Tech-

nology the average of the static moments of the inboard and ~ ~

outboard engines is taken as 22,000 foot-pounds. After
determination of the torsional deflection at the outboard
engine for this average moment applied at the wing tip,

multiplication by the ratio 1/2 gives a value for the static =~

deflection of the inboard engine and multiplication by the
ratio 5/4 gwes a value for the static deflection of the out~
board engine.

An approximation to the calculation of the response of the
engines to the total acceleration of the elastic axis is to

neglect dynamic interaction between the engines and treat

each engine as 2 single-mass oscillator having a natural fre-
quency determined by its static deflection. Such a proce-
dure gives values of 7.6 cycles per second for the inboard
engine and 5.1 cycles per second for the outboard engine.
Use of these frequencies to determine ¢, and d1v1510n of t by
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FIGURE 18.— Variation of acceleratlons st stations ajong tha wing elsstic axis with time,

t; (t; equal in this case to the time to reach maximum aceeler-
ation of the curves in figure 13 for the station in question)
leads to values of t,ft; for the inboard and outboard engines.
The next step is to sclect & mass ratio which for these values
of #./ts has & shape of the nodal acceleration time history,
which approximates the shape of the acceleration time history
for the elastic axis at the station in question. In the present
example the mass ratio of 0.25 is used. Scale factors for both
the load and time scales are determined so that the maximum
nodal acceleration for the two-mass solution will agree with
the maximum acceleration and time to reach maximum
acceleration of the elastic axis at the station in question.
After these factors are applied to both the nodal and oscilla-
tory curves for the selected mass ratio and time-period ratio,
use of the results and equations (B7), (B5), and (B2) in
appendix B to calculate the acceleration of the sprung mass
of the two-mass system gives accelerations of tlie engines.
Approximation and superposition of the pitching action on

the basis of a rigid structure leads to the solid-line curves
given in figure 14 for the accelerations of the engines.

Also included in figure 14 is the design ultimate acceleration
for the engine mounts. Comparison of the calculated engine
accelerations with this value shows agreement of the calcu-
lation with the fact that partial failure of the inboard-engine

- mounts occurred but the outboard-engum mounts were not

damaged.

During the impact an accelerometer was located at the
outboard-engme station intermediate between the elastie
axis and the engine. A calculated time lnst.or_) of the neceler-
ation at the accelerometer location is given in figure 14; this
time history is based on linear interpolation between the
computed accelerations at the engine and the clastic axis at
this station in accordance with the proportionate distances
involved. The figure also includes the recorded maximum
acceleration at this point and shows good egreement of the
computed acceleration therewith.
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F1:URE 14—Variation of accelerations of engines with time,

Acceleration time histories for the engines, computed on
the basis of a rigid structure, are included in figure 14. The
maximum accelerations computed on this basis do not agree
with the structural failures which oceurred. Furthermore,
the fact that the curves computed on the basis of a rigid
structure reach a maximum at the same instant of time is in
strong disagreement with experiment, which in this respeet
is in approximate agreement with the computations for an
elastic structure.

Difference between the ratio f,/t; for the inboard-engine
and outboard-engine stations is primarily responsible for
difference in the caleculated response of the engines: Most
of the difference in this ratio for the two stations is not due
to difference in the sprung-engine frequency but is due to
the greatly different time to reach maximum acceleration &
of the elastic axis. Agreement with experiment of the
response calculated at these stations provides indirect con-
firmation of the acceleration time histories predicted for the
clastic axis at these locations by the normal-mode method.

For the impact, experimental data are not available for
checking the tip acceleration, which is predicted on the
basis of the normal-mode method, but the initial downward
acceleration and the 12¢g maximum acceleration shown in

figure 13 for this station are in general agreement with

results recorded in severe impacts of other airplanes. Agree-
ment of the computed hull acceleration with experiment has

already been shown; in an indirect manner all the curves in

figure 13 exhibit satisfactory agreement with available ex-
perimental data. Although the response of the engines is

different from the response assumed in calculating these =
curves, it appears that in practical use the two-mass solu- -
tions given herein can be interpreted on the basis of the
normal-mode method to obtain both the response of the
"elestic axis and the hydrodynamic force. Further, it appears "

that in practical problems modification of these two results

is not required when accelerations_ of the engine ‘different

from the accelerations predicted by the normal-mode method

are determined; the merit of this statement should be

independent of whether such modification is made by the
method used herein or by another method.

In the foregoing comparison agreement of calculation with
experiment is obtained without consideration of the response
of modes higher than the fundamental mode. If, when
more data are available, it is shown that the response of the
higher modes can be determined by treatment parallel to

that given the fundamental mode, the two-mass solution
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given herein can be used to predict their response by selecting
a solution, for & mass ratio and natural frequency representa-
tive of the higher mode, which has a nodal acceleration curve
of a.pprox.lmatelv the same shape as the hydrodynamic-force
curve

CONCLUSIONS

Theoretical solutiont of hydrodynamic impact of a hull
mass connected by 2 spriug to an upper mass, the results of
calculations for wide ranges of mass ratio and natural fre-
quency, and the use of tliese results in a comparison of
theoretical data with test data for a ﬁIght,-test landing
impact indicated that: :

1. In flying-boat impact the effect of the struetural
response on the hydrodynamic forec might be substaritial,
the shape of the force time history might be considerably
changed, and the maximum hy drodvnamlc force might be
mthor reduced or increased.

2, The greatest reduction in hydrodynamic foree occurred
for the condition of large inass ratio and low value of spring
constant.

3. The normal-mode method was a practical means for
determining the cquivalent two-mass system which repre-
sented the major elastic action of the airframe, for predicting
the effect of this action on the hydrodynemic force, and for
approximating accclerations along the clastic axis of the
wing.

4. The acecleration of engines contained in nacelles for-
ward of the wing could not be computed on the basis of
coupling between torsion and bending as in the fundameutal
mode, but simple trcatment of their response to tlie com-
bined translation and oscillation of the clastic axis gave
agreements with experimental accclerations and gave an
explanation of partial fallure of the inboard-engine mounis
during impact.

LANGLEY MEMORIAL AERONAUTICAL LABORATORY,
NarrowiL Apvisory COMMITTEE FOR AERONAUTICS,
LaverLey Freup, Va., March 17, 1947.
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APPENDIX A

MATHEMATICAL EQUATIONS AND METHOD OF SOLUTION

EQUATIONS OF MOTION

The following equations of motion, which were derived
from equation (30) in reference 2, are for fixed-trim impacts
of a rigid prismatic float connected by & massless spring to
2 rigid upper mass:

Acceleration of| lower mass normal to water surface in feet
per second per second

A Y Ll‘

=8yt Keos - [ 4024

4
img+mp)yr—Yt)+2K, A cos r [; yidi+

¢t i
3.’1.K12(‘.OS’ T fﬂ J; ya’a’t dt]}m

Acceleration of sprung mass normal to water surface in
feet per second per second

(AL

L1 . e
ys=E[(Ay;.“+ mp) Y +3dy 2 (¥ + K cos7)] (A2)
Acceleration of nodal point normal to water surface in feet
per second per second -

- mpyr+msys
x

S o mp+mg (&9

The spring constant in pounds per foot of deflection can be
expressed by the equation ‘

4fz(m1’.m8)f-z '

K= A4
my+ms (Ad)
where
SR sin?r
A1=x;,ﬂ STt — y’“n (_?OS_T
tun 7
e 82 "ﬁ 1)(1 2 tan ﬁ)(ﬁ smrcos r)
g velocity of lower mass normal to water surface, ft/sec

yr draft normal to water surface, ft

B eangle of dead rise, radians

r  angle of trim, deg

Y1, initial velocity normal to water surface, ft/sec’
£r, initial velocity parallel to water surface, ft/sec
mg sprung mass, slugs

m; lower mass, slugs

f. natural bending frequency, cycles/sec

p  mass density of water, slugs/cu ft

COMPUTING DIRECTIONS

A sample data sheet is given as taeble I. In this table the _
numbers in circles refer to rows; the circled numbers under
the row headings refer to computed values to be used for

the computa.tmns In the first column the time is equaf to

zero, in the second column the time is Af, and in successive
columnb the time is 2 Af, 3 Af, and so forth. Each row
computed in sequence for any given column before any row
is computed for the next column, except for the first colummn.

TABLE I.—DATA SHEET—GENERAL TERMS

Column

Row Row heeding

® ®OOOE PORROEE @GO GO OO

Time, sec
&, =1, assumed
‘-@DXM) +@,=y, ft
—IIL .
=y
=y,_4
@+ K, cos )X @D X 3=
@x4
(mr.-[' ms) (@ — 7, X )

[@+enf +e.= J" e
2R:d cos rX '
[(@+@.)%‘?+@p= I

e o

—m o e ——— by r———
v

3AK? cos? r X@ . . M S
9+O+Q+® _ . 1 F
(EX@) +@®@
(AX@®)+me
—@'—fﬂz;, ft/sec?

(@+8)5 - . K
@'l‘@n ’ . B

Vit B ‘ ' b _
o+2 | . e
@-{-%, ¢r assumed for next interval . .

[——(@ [-mo-@]

3?2=ﬁg,, g unifs -
(e X@) 4 (ms X @)

my+mg

®

={g, g units

®

¥x; ¢ units

[(@+@,)§]+@p=ﬁ:£yﬂdtdt L Ty

v IS
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In the first column the assunmed value of #; is the given value
of f([,o.
@, @, and @ which in this case are also §;,. Lower-cascp
as a subscript on a row number refers to the computed value
in the indicated row of the preceding column.

Each row heading indicates the general operation to be
performed. When the data shect is set up, numerical values
should be substituted in the row headings for the cxpressions
that are constant for a spedﬁc case. The constants for tlu.
sample coniputation, given in table II, are as follows:

o e S e e T e ey S —— e 107, 664
Kl e e i e o e e ot e e e i e it o e 24317
A PRSP £ £, 9+ 3 £ B
B QOB o o e e d b —— e me = - ..22-5
Ty QO oo e oo e de e s M ST L L T8
¥eg TtfeeCa e NS S W e 20. 6673

832, 1685

715. 217

525. 776
Ja, cyclesfsec o ____. e e e SR dAL Yt G
p, slugsfeu £t e iaecaa detm—soon~ - 1. 038
Ay SBC o e oo e e e e mme e a - e 00D

For most solutions a time increment At of 0.005 second is

All other values arc zero except the values for rows .

REPORT 1074—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICR

the time for a given mass to reach a maximum acceleration.)
* The number of significant figures to be used should be
chosen on the basis of the computing cquipment available
and the accuracy desired. Comparison of a solution com-
puted with four significant figures with results which had
been obtained with six significant figures gave a difference of
about 1 percent in the maximum acceleration.

As the computations proceed, the lower-mass acceleration
(row &), thc sprung-mass acceleration (row €3), and tho
nodal-point acceleration (row 9), all in g units, should be
plotted against time.(row ) in seconds} Kach time. a
column is completed the new points should be added to the
plot. This plot is the only brief method of checking on the
accuracy "of the computation until sufficient solutions are
obtained to permit cross-plotting. If the points do not lic
on a smooth curve, an crror has been made in the computa-
tions. If an crror is made, every value computed thereafter
contains the error and therefore great care must be taken.

The number of columns required for the computations
depends on the number of columns required for rows € and
€ to pass their respcctive maximums. At least three
columns should be computed beyond the column in which

satisfactory. (The value of At may be varicd by considering | row @ reaches its maximum value.
TABLE IL—SAMPLE COMPUTATION
[Comtanls are from appendlx A)
S o AT A M . A ) -'—'_'-‘ L -"—‘:"""-' i 1y PO e i B T
Column

Row Row heading . B T —

1 2 - 38 4. 5 8 7 8

Time AL, sec (0.005)-——— - - .0 @bos | :0.0107| °  0.015 0. 020 0. 025 0. 030 0.0
_______________________ 20,6673 | 20.6673 | 20.6420 | 20.5287 | 20.2688 | 10.8200 | 10.1964 | 18 3850
(@,%0.008) +@p- oo oo - 0] .0.103337 [ 0.208579 | .0.300380.| 0.411128 | 0.511025 | 0.008174 | 0.701700
ULl 0| 0.010879 | 0.042875 | '0,095716 | 0.180026 | 0.2611147 | .0. 369876 | 0. 102383
BEIEENE SRR 0 | 0.001104 |- 0.008818 | 0.020613 | 0.060401 | 0.133453 | 0.224940 | 0. 345505
_______________________ . 0| 0.000114 | 0.001821 | 0.009[62 | 0.028570 | 0.068198 | 0.136808 1 0.242441
(@+4.23736)’@X401 75T 0| 2661.07 [ 10612 5| 23586.5 | 40782.0) 60767.4 | 81602.9 | 101248.0
O X B 0| 0.003817 | 0.060967 | 0.306742 | 0.956518 | 2 28326 | 4 58030 | & 11688
240,99 c? (20.6673 X D)]- - — 0 0 |—0.116653 |—0. 781824 | —9. 75252 | —7. 02152 | —14 8995 | —26. 8749
((g+<? 0.0025]+@p- - - --- 0| 0.000003 | 0.000028 | 0.000124 | 0.000373 | 0.000879 | 0.001775 | 0.003201
_________________ -0 | 0.003{05 | 0.081778 | 0.140730 | 0.422100 | 0.997595 | 2 01448 | 3.63288
%+ )0 0025] +g, 0| € 000027 | 0. 000160 0.000506. | 0.001168 | 0.002243 | 0.003821_| 0.005977
( ,,)o 00251+ @5 - .0 0. ‘0.000002 | 0.000006 | 0.000015 | 0.000030 | 0. 000054
_____________wn R 15 IR ol & 014497 | 0.043282 | 0.108204 | 0.216409 | 0. 380525
_-_______,____ . TI0] 0007222 |—0.023903 |—0.310925 |—0. 133053 | —3. 83246 | —7. 88831 | —14. 7356
50 533 % ?_-_ 0] -2662.18,| 10608 9 | 235383 | 40581.7 | 60220.6| 80415.5| 990280
133910X®)+525.776 " S0 525.924'| 526957, 520.742 | 535.082 | 543.648 | 555001 | 572 048
% ___________________ = 0| —5.06187 | —20.1324"| —44 4335 | —75.8420 | —110. 771 | —144. 658 | —173. 112
(@+@,50.0025~ - "2 T7777T1 . 0 |—0. 012655 |—0. 062086 |—0. 161415 |—0. 300690 |—0. 466533 |—0. 638573 |—0. 704425
L 0 |—0.012655 |—0, 075641 |—0. 237056 |—0, 537746 | —1.00428 | —1. 84285 | —2 43728
20.6673+ @ .- - . 20.6673 | 20.6546 | 205917 | 20.4302 | 20.1206 | 10.6630 | 19.02i5 | 18 2300
@-:--2@ ________________ | 20.6673 | 20.6483 | 20.5602 | 20. '3Ia'5 10.9793 | 19.4207 | 187052 | 17 8328
@+—?i,-----_-_-____-_-..-_--_.~.._--_. 20.6673 | 20.6420 | 20.5287 | 20, 268§ "10.8200 | 10.1964 | 183850 | 174355
—0. 001398(®—@)1/32.2_ - - 0| o0.000047 |—0.000156 |—0. 00ZUT3 |—0. 008696 |—0.023740 |—0. 051552 |—0. 096297
8322 o -0 [—0.157201 |—0. 625230 | —1. 37992 | —2 35534 | —3 44009 | —4 40248 | —5. 37615
(823, 776><@)1;|;{()7;g 217X@) | . -0 |—0.086575 |—0. 264083 |—0. 585844 | —1. 00201 | —1. 47116 | —1. 93306.] —2. 33323
I NP N ol '
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APPENDIX B

RELATIONS BETWEEN TWO-MASS SYSTEM AND REPRESENTED STRUCTURAL MODE

The sum of tlie masses m, and mg shown in figure 1 must
equal the gross mass of the represented airplane in order to
obtain the proper nodal acceleration. For the hypothetical
limit condition in which the wing mass is concentrated at a
single point in each semispan, m;, is the actual hull mass and
mg is the actual wing mass. In order to take into account
the more complex nature of the structural action for a par-
ticular mode, the determination of the ratio of these masses
is necessary so that the vibrational energy of the simplified
and represented systems are equal for the same vibrational
amplitudes of m, and the actual hu]l or point of force
application.

Oun the basis of the theory of vxbratmns, for which equa-
tions are included in reference 3, the vibration energy E of
the two-mass system is given by the equation

E 1
73 Mzer +— mgest

(BI)

where

¢y vibrational amplitude of m, relative to nodal point of
system

¢s vibrational amplitude of mg relative to nodal point of
system

o natural frequency

Since for the two-mass system the node is at the center of
gravity,

Mror=Mgos (B.?)

If equation (B1) and equation (B2) are eombined, and since
the total mass m is equal to the sum of the masses mg and
my, the following equation can be obtained for the vibrational
energy E of the two-mass system:

E 1mm; ,

=5 L7 (B3)

o

w 2 mg

The vibrational energy of the represented mode is a function
of the spanwise mass distribution and mode shape. On the
hasis that the semispan of the airplane is divided into 7 sec-
tions or stations. the vibrational energy of the mode can be
written as follows:

f% (mip+magt+maes?+ . . . T myed

where

m; mass of 7th spanwise section; value for semispan doubled
to represent the entire span

¢; deflection of mass at jth spanwise section relative to
nodal point (h,-{-a:a_;)

- k; deflection of elastic axis at jth spanwise deflection rela-
tive to nodal point

x chordwise distance from elastic axis to effective mass
center

a; torsional deflection at sth spanwise station

(B4

Equality of the vibrational amplitude of the lower mass of
the simplified system to the vibrational amplitude of the
hull or fuselage of the Aying boat or airplane relative to the
nodal point of the represented mode is expressed by the
equatmn

CL=Pr

®5)

where

¢r deflection of hull or fuselage of flying boat or airplane ~
relative to nodal point of represented mode

The requirement of equal energy of the simplified and
represented systems for the condition expressed by equatmn
(B5) gives combmatmn of equatigns (B3), (B4), and (B5)
to obtain the following equation for the mass ratio of the
two-mass system: :

ms __ma’
My Medt+mee’+mael’+ .

. Fmyeft (B6)
Computation of the natural frequency of wing modes has
received a great deal of attention in connection with study
of wing flutter and need not be treated herein. Incidental
to calculation of the natural frequency, & mode shape is
attained which, together with knowledge of the mass distri-
bution, permits use of equation (B6}. In cases in which the
wing has been constructed, the mode shape and natural
frequency may be determined experimentally. Equation
(A4) in appendix A of the present report permits computa~-

tion of the spring constant which for a given mass ratio of

the simplified system gives the required natural frequency.
After the accelerations of the two masses of the simplified
system have been computed, equation (A3) of appendix A
fixes the magnitude of the nodal acceleration. The difference
between the nodal acceleration and the hull, fuselage, or
float acceleration can be taken a5 a measure of the oscillatory
acceleration. On the basis that the structure deflects in the
mode used in determining the equivalent two-mass system,
the acceleration at any point is given by the equation
n,=n;+n2 (BD
Pa
The foregoing equations, with consideration of rotatory
inertia and energy, may be applied to the case of a tip float
attached to a flexible wing if the stifiness and mass distribu-
tion are known and if a manner of structural deflection is
assumed.
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